In this paper, we investigate the convolution sums 
Introduction
Throughout this paper, N, Z, and C will denote the sets of positive integers, rational integers, and complex numbers, respectively. The Bernoulli polynomials B k (x), which are usually defined by the exponential generating function The convolution identities have many beautiful applications in modern number theory, in particular in modular forms, since they appear in the coefficients of the Fourier expansions of classical Eisenstein series. For example, a very well-known work of Serre on p-adic modular forms (see [] In fact, we will prove the following results.
Theorem . Let n be a positive integer. Then we have
with n ≥ .
Remark . Let α be a fixed integer with α ≥ , and let
be the αth order pyramid number. In fact, in (), if n = p is a prime number, then we obtain
This result is similar to [, ()].
Theorem . Let M be an odd positive integer. Let R, r ∈ N ∪ {} with R ≥ r. Then we have
with M = q + . 
Theorem . Let m  be an odd positive integer. Let r  , r  , r  ∈ N and r  ∈ N ∪ {} with r  > r  > r  > r  . Then we have
Theorem . Let M be an odd positive integer. Let r, R ∈ N ∪ {}. Then we have
Corollary . For R > r, we have the following lower bound of A  (R, r) and the upper bound of A  (r  , r  , r  ),
2 Bernoulli number derived from Diophantine equations (a+b+c)x=n a
Proof We can write the equality as
This completes the proof of the lemma.
Proof of Theorem
Using (), we note that
We can write that
with n ≥ . This completes the proof of the theorem.
We list the first ten values of (a+b+c)x=n a in Table  .
If x is a prime integer, by () and (), then f (x) = g(x).
The first nine values of f (x) and g(x) are given in Figure  . In Figure  , we plot the graphs for the values of the sums f (x) and g(x) in Remark . when x = , , , , , , , , . Table 1 The first ten values of (a+b+c)x=n a 
where the Kronecker delta symbol is defined by
Proof We note that
Therefore, () becomes
This completes the proof of the lemma. 
Proof It is obvious by Lemma .. Proof It is similar to Lemma ..
Lemma . Let n be an odd positive integer, and let f : Z → C be a complex-valued function. Then

A study of ax+by=n ab
Proof of Theorem . We observe that Thus, for odd m, we have
Similarly, since  R-r M -m is odd, we have
From () and (), we can write () as
Let us consider the second term of (). Since σ  (m) = σ  (m) -σ  ( m  ), so we obtain
Therefore, () becomes
where we refer to (),
with M = q + . This completes the proof of this theorem. 
Proof (a) First, we note that
by (). Therefore,
where we use () for the last line. http://www.advancesindifferenceequations.com/content/2013/1/277 (b) We observe that
by replacing R with R - and r with r - in Theorem .. 
Finally, we refer to (). (d) Since
Proof From (), we deduce that
So for n =  R M with an odd M, we have
Thus, we refer to Theorem .. 
Proof By Theorem ., we have
Then the first term of () is
So we refer to
where we use the fact that r  > r  and a(n) =  for n ∈ N. This completes the proof this theorem.
Proof of Theorem . From Theorem ., we observe that 
